A spin projected double-hybrid density functional theory is presented that accounts for different scaling of opposite and same spin terms in the second order correction. This method is applied to three dissociation reactions which in the unprojected formalism exhibit significant spin contamination with higher spin states. This gives rise to a distorted potential surface and can lead to poor geometries and energies. The projected method presented is shown to improve the description of the potential over unprojected double hybrid density functional theory. Comparison is made with the reference states of the two double hybrid functionals considered here (B2PLYP and mPW2PLYP) in which the projected potential surface is degraded by an imbalance in the description of dynamic and static correlation.
I. INTRODUCTION
The success of Density Functional Theory (DFT) in molecular quantum chemistry is, by now, well documented.
1 Owing to its mean-field cost and inclusion of dynamic correlation through carefully developed and tuned approximate functionals, DFT presents an excellent balance of cost and accuracy for many of today's most widely studied classes of chemical problems.
2 That said, a number of DFT failures are also well documented and improvement of the general theoretical framework is an ongoing area of intense interest in chemical physics.
3,4
Many groups have taken inspiration from wavefunction theory and have expanded the collection of rungs along the so-called Jacob's ladder of DFT families. 5 One such development of particular interest in this work is the incorporation of terms from second-order Moller-Plesset perturbation theory (MP2). Introduced by Grimme, 6 these double-hybrid DFT schemes evaluate MP2 correlation terms using a converged set of Kohn-Sham DFT one-electron orbitals as the reference, and the total DFT energy is modified by addition of scaled same-spin and opposite-spin MP2-like correlation energy contributions. The improvement in results over lower-rung DFT approaches, especially when empirical dispersion corrections are included, has been demonstrated in a number of papers. [7] [8] [9] [10] Energies and analytic derivatives for doublehybrid methods are also straightforward to implement within an electronic structure program that already includes DFT and MP2 codes. As such, these methods are available in a variety of popular and widely available packages.
Given the parallels between double-hybrid DFT and MP2, it is natural to ask what effect spin-contamination has on the quality of results obtained by such an approach. DFT performs relatively well in many cases a) Electronic mail: hhratchian@ucmerced.edu where spin contamination causes errors in wavefunction methods. 11 In recent work by Menon et al., 12 it has been shown that spin contamination may not adversely affect the quality of double-hybrid DFT calculations for many organic systems, where the focus is on heats of reaction. In the case of dissociation energies, comparing the difference between the energy of the equilibrium geometry and the fully dissociated system, the wavefunction is either a pureŜ 2 eigenfunction or an equal admixture of singlet and triplet. In this case we would not expect spin contamination from the triplet to cause significant issue, as there is either none (at the equilibrium geometry) or it has no effect on the energy (at dissociation). Spin projection is required in the intermediate region, where quasi-degenerate triplet contamination increases the energy and distorts the potential.
More recently it has been suggested that systems with significant electronic strain involving transition metals may suffer significantly from spin contamination issues. 11, 13 Spin contamination can cause errors in energies, geometries and properties as the potential energy surface and its derivatives are often distorted. The effects of spin contamination are present particularly when studying strained systems, transition states or radical reactions. Spin projection provides a methodology to correct for these problems without resorting to multireference solutions that significantly increase the cost of the calculation. Despite this, an unbalanced description of correlation energy often results in a more significant distortion of the potential energy curve when using projection and so it is frequently not applied to DFT.
14 In contrast, MP2 wavefunctions show a significant improvement when using spin-projection.
15-17
In this paper, we explore the effect of spin contamination on the double-hybrid DFT methods by examining a set of homolytic bond discossiation profiles. Based on spin annihilation developed some time ago for MP2 theory, we also examine the possibility and usefulness of such an approach with double-hybrid functionals.
II. THEORETICAL METHODS
As noted above, double-hybrid DFT methodology has many parallels with MP2, using a set of Kohn-Sham orbitals as the reference instead of an SCF determinant. Our development of a spin-projected double-hybrid DFT methodology follows in direct analogy to that of spinprojected MP2. As shown by Löwdin, 18 higher order contaminating spin states can projected out of the wavefunction using the spin projection operatorP s :
In many spin contaminated systems, the observed spin contamination is entirely due to the next highest spin state. In the limit that this accounts for all spin contamination, it is possible to construct an annihilation operatorÂ s+1 by setting k = s + 1. Where there is only one contaminating spin state, this is equivalent toP s :
In the case of MP2 the spin projected energy can be written in terms of the expansion of the ground state wavefunction |Ψ 0 = |φ 0 + φ 1 + φ 2 ... , where φ 0 is the Hartree-Fock wavefuntion. This is operated on by the Hartree-Fock HamiltonianĤ =F +V . InsertingÂ s+1 , the projected SCF (PSCF) energy can be written:
Expanding this using the identityÎ = i |Ψ i Ψ i |, and using Brillouin's Theorem and the Slater-Condon rules 19 we obtain:
where we use the standard convention for notation 20 -i, j, k, l... indicate occupied orbitals, a, b, c, d... indicate unoccupied orbitals and integrals involvingV are the only set that survive from φ 0 |Ĥ|ψ ab ij . Thus the correction to the SCF obtained from annihilation of the next highest spin state is of the same order of perturbation as φ 1 , and the PSCF energy can be written compactly as:
The MP2 spin annihilated energy can be obtained by taking the first order expansion of the wavefunction to |Ψ 0 = |φ 0 + φ 1 . The projection term in the MP2 expansion must therefore be reduced to account for electron correlation added in φ 1 . The projected MP2 (PMP2) energy is thus:
The MP2 spin projection termφ ′ 1 is obtained through a Gram-Schmidt orthogonalization between φ 1 andφ 1 , yielding:
Substituting φ 1 andφ 1 into eq. (8), where φ 1 is:
and ∆ ijab is the sum of orbital energy differences,
where −S ibSaj is the value of matrix elements of S 2 between ground and doubly excited determinants φ 0 |Ŝ 2 |ψ ab ij , in whichS αβ is the αβ overlap integral, and t ab ij is the MP2 amplitude obtained from:
To avoid double counting of correlation, we introduce fixed scaling factors for opposite-spin and same-spin pairenergies to the double-hybrid DFT formalism. Taking these scaling factors to second order (γ) into account, we define a spin-projected double-hybrid DFT energy (E SP DH ) as:
where φ 0 is the Kohn-Sham reference determinant. Computing Ŝ 2 using the Kohn-Sham determinant gives the value for the non-interacting system. In order to obtain Ŝ 2 for the fully interacting system requires the two particle density matrix. This has been shown to give slightly larger Ŝ 2 values than the non-interacting system. 21 In this paper we use values of Ŝ 2 obtained from the KohnSham determinant. However, conclusions taken from this investigation should take account that our value of Ŝ 2 may underestimate spin contamination.
Lastly, we note that several MP2 methodologies take advantage of the separation of same-spin ("triplet", T) and opposite-spin ("singlet", S) pair energies in the summation given in eq. (9) to take account of the systematic bias against spin-pairing. 22, 23 We can formulate eq. (13) in a similar manner:
where the first term is the Hartree-Fock energy, the second term is the MP2 correlation energy of the oppositespin terms scaled by the opposite-spin scale factor γ S , the third term is the equivalent same-spin term but scaled by the same-spin scale factor γ T . The fourth term accounts for the spin projection and is scaled by γ S as the terms involved all depend onS αβ and so has zero contribution from the same-spin terms.
III. NUMERICAL TESTS
To examine the effect of spin projected double-hybrid DFT in spin contaminated systems, we initially calculated (homolytic) bond dissociation curves for H 2 , LiH, and CH 4 . The potential energy curves of H 2 and LiH were obtained using the STO-3G minimal basis-set.
24
These systems are useful as only two electrons are involved, allowing an intuitive understanding of what correlation effects occur along the potential curve and how this manifests as spin contamination. The symmetry of the LiH nuclear framework is the same as that of the broken symmetry electronic state found at large internuclear bond distances, while H 2 is the same as that of restricted solution. The CH 4 calculations are carried out using the aug-cc-pVQZ basis set. 25, 26 All calculations have been carried out using a locally modified development version of the Gaussian suite of electronic structure programs.
27
Spin contamination often becomes most problematic for structures exhibiting strained bonds, such as openshell transition structures and radical systems. The bond dissociation curves considered here have been used in the development of projected MP2 models 16, 28 and, therefore, are also quite useful tests for the approach presented in this work. In these systems, the energy profiles described by unrestricted methods are comprised of three general regions. In the vicinity of the equilibrium bond length, the electronic structure is closed-shell and results in spin pure unrestricted solutions. At long bond distances, the unrestricted solution is comprised of equal parts spin pure singlet and triplet states, which results in significant spin contamination. The third region lies in between the other two, in the area near the point where the restricted single-reference state develops an external instability.
29 At this point, also referred to as the Coulson-Fischer point, the (restricted) external instability sets in and is characterized by a negative eigenvalue in the orbital rotation hessian. Within the SCF framework, the broken-symmetry unrestricted singlet state is stable and corresponds to a lower energy solution than the restricted result. Figure 1 shows the potential energy curves for H 2 dissociation using the B2PLYP 6 reference functional (no perturbative correlation included), which consists of 47% B88 exchange, 53% HF exchange and uses the LYP correlation functional. The full configuration interaction (CI) curve (thick black line) is also shown. As shown in previous work, 11,14 the restricted curve ( ) dissociates to the incorrect limit. As the bond is broken, the restricted method is unable to localize one electron on each H nucleus. If occupied-virtual rotations are allowed separately for α and β molecular orbitals, it is possible to locate a lower energy state corresponding to an unrestricted solution. Figure 2 shows the lowest eigenvalue of the orbital rotation Hessian of the restricted solution. An external instability sets in when this eigenvalue becomes negative at 1.28Å. Allowing the wavefunction to break symmetry in a spin unrestricted formalism ( fig. 1, ) yields a dissociation curve exhibiting correct qualitatively structure. As previously discussed, 31 the long distance region of the curve is obtained by the unrestricted method by recovering fermi correlation in the wavefunction. However, the energy of this state can also be artificially raised by contamination from the higher energy triplet state and the resulting wavefunction may no longer be an eigenstate ofŜ 2 (Fig.  2) .
Applying spin projection by annihilation of the triplet state ensures the wavefunction is a properŜ 2 eigenstate. As shown in Fig. 1 (△) , this lowers the energy of the unprojected curve. However, the projection causes a significant distortion of the potential, with a cusp at the Coulson-Fischer point. This well known observation is attributed to the fact that dynamic correlation rapidly converts to static correlation at this point, while the projected unrestricted formalism at the SCF level is only able to account for corrections in static correlation. Due to the sudden switching of correlation types (as illustrated by the value of Ŝ 2 in fig. 2 ), failure to account for both flavors of correlation energy in a balanced way gives rise to the observed first-derivative discontinuity in the energy curve at the Coulson-Fischer point. While the use of DFT in the reference does account for some dynamic correlation, and the potential distortion should be less severe than for HF, DFT methods have also been found to yield badly behaved surfaces.
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In Fig. 3 we show the effect of adding 25% MP2 correlation to the reference function. The added MP2 character is apparent in the way the restricted B2PLYP curve ( ) turns over and becomes dissociative beyond 2.6Å, while the unrestricted curve ( ) is briefly higher in energy than the restricted curve near the instability point. This second observation highlights the effect of spin contamination on MP2 and double-hybrid DFT methods. The effect of added dynamic correlation from the second order correction can be observed at the equilibrium geometry, which is lower in energy than the FCI result relative to the reference. Inclusion of dynamic correlation according to eq. (13) means that, upon annihilation of the triplet state (△), the cusp that was present in Fig.  1 is now absent and excellent agreement is obtained with the FCI curve beyond the instability point. The same set of calculations were carried out for LiH, for which the lower nuclear symmetry is the same as the broken symmetry electronic state (figs. [4] [5] [6] . The use of spin projection on the reference functionals in this system results not only in a first-derivative discontinuity at the Coulson-Fischer point, but also yields an artificial minimum at 2.3Å. As before, this distortion results from an inability of the method to describe correlation over the entire curve in a balanced way. Consistent with the results for H 2 , the distortion of the potential energy surface is corrected by mixing of scaled MP2 correlation. The resulting potential energy curves show very good correspondence to the exact result beyond the CoulsonFischer point.
From our results it is apparent that the presence of triplet contamination in the unrestricted calculation does not cause as significant a deviation from FCI as seen in UMP2. However, the projected double-hybrid DFT results display excellent agreement with FCI and differ from the unprojected result by up to 25.1 kcal mol -1 in H 2 and up to 14.1 kcal mol -1 in LiH. Such a difference is likely to modify geometries and energies of strained systems that reside in the contaminated region. Given that annihilation of the next highest spin state can be obtained for negligible cost, we conclude that spin projection should be used with double-hybrid density functional methods.
As a final example case, figs. 7-9 show dissociation curves for CH 4 using the aug-cc-pVQZ basis set. These curves were obtained by freezing the CH 3 moiety geometry at the CH 4 minimum energy structure (as computed using B2PLYP/aug-cc-pVQZ) and is compared to the dissociation curve computed with CCSD(T)/aug-ccpVQZ. It can be seen that, as before, the projected curve is greatly improved by the addition of the scaled second order perturbative correction and gives nearly perfect agreement with the CCSD(T) curve. Furthermore, the largest energy difference between the unrestricted and projected B2PLYP curves is 4.66 kcal mol -1 , indicating that even with a very large basis set, spin contamination still has a chemically significant effect on the computed energy.
In the last three examples, it should be noted that the assumptions leading to eq. (2) are exact. Fig. 10 shows the dissociation curve of N 2 in which there are multiple contaminants and external instabilities (real to complex, restricted to unrestricted). Due to multiple contaminants in the wavefunction, the assumption that annihilation of 
the (s + 1)
th contaminant is sufficient is not adequate. In fig. 11 this is observed in the pre-annihilation Ŝ 2 value of the UHF solution ( ), which at dissociation is 3.0. The discontinuity of the projected curve ( fig. 10 , △) at 1.72Å is a result of Ŝ 2 being above that of even the triplet state, causing the denominator in eq. (4) to pass through zero. In such a case, clearly the approximation that the triplet is the main contaminant, let alone the only contaminant, does not hold. This feature is a result of annihilating only a single spin and is common to PUHF and PUMP2 as well as being present in the DFT reference function.
The RHF to UHF instability occurs at 1.26Å at which point a first derivative discontinuity is observed in the UHF curve ( ). In the small region after the CoulsonFisher point, where Ŝ 2 decreases after annihilation of the triplet (suggesting the approximation that the triplet is the main contaminant is quasi-valid in this region), the projected double-hybrid curve shows an improvement over the unrestricted curve, with a less pronounced first derivative discontinuity. This does not go away entirely however, as Ŝ 2 does not go to zero because of higher order contaminants. Annihilation of the (s + 1) th state has the effect of increasing the weight of the higher order contaminants, such that the post-annihilation value of Ŝ 2 is 8.4 at dissociation. In order to fully account for the presence of higher spins, they can be projected out according to eq. (1). However, whereas single projection is of the same order expense as MP2, higher order projections go beyond this.
15
In order to demonstrate that the results discussed are not functional dependent, we show results for these same systems using the mPW2PLYP double hybrid functional 32 in the Supporting Information. This double hybrid functional includes 55% HF exchange and 27% MP2 correlation. The qualitative results are identical to those presented above. 
IV. CONCLUSION
A spin projected double-hybrid density functional theory was presented, including a procedure to account for different scaling of opposite and same spin terms in the second order correction. A series of dissociation curves, which exhibit significant spin contamination, were used as examples to illustrate how double hybrid DFT can be improved by spin projection. Failure to account for higher spin states mixing with the state of interest in the unrestricted method were shown to give qualitatively acceptable surfaces, but which differed significantly in energies. As this is not constant over the surface, but only occurs in regions of significant spin contamination, studies involving electronically strained structures with large degrees of spin contamination should employ spin projection. Studies applying projected double-hybrid DFT when computing ionization potentials of metal oxide clusters and other systems exhibiting significant spin contamination at the Kohn-Sham level are ongoing in our lab and will be reported in future work.
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Plots of H 2 , LiH, CH 4 , and N 2 dissociation reactions using mPW2PLYP with and without spin projection.
